A simple theoretical method for deducing the effective bond-orbital model (EBOM) of III-nitride wurtzite (WZ) semiconductors is presented. In this model, the interaction parameters for zinc-blende (ZB) structures are used as initial guess of the ones for WZ structures base on the two-center approximation. The electronic band structures of III-nitride WZ semiconductors can hence be produced by utilizing this set of parameters modified to include effects due to three-center integrals and fitting with first-principles calculations. Details of the semi-empirical fitting procedure for constructing the EBOM Hamiltonian for bulk III-nitride WZ semiconductors are presented. The electronic band structures of bulk AlN, GaN, and InN with WZ structure calculated by EBOM with modified interaction parameters are shown and compared with the results from density functional (DFT) theory with meta-generalized gradient approximation (mGGA). Electronic band structures and electron (hole) effective masses near the zone center calculated by the proposed model are analyzed and compared with the k · p model.
Introduction
III-nitride binary compounds, AlN, GaN, InN and their alloys, have been realized as remarkable materials in the fields of electronic and optoelectronic devices due to their unique electrical and optical properties, including large direct band gap [1] and fairly wide range of emission frequency [2] . Such attributes make III-nitrides promising materials for the high power devices and full-color displays applications. Several novel optoelectronic devices have been reported based on III-nitride materials incorporated with nanostructures [3] - [5] .
As for the crystal structure, III-nitrides can crystallize in either WZ or ZB phase with the hexagonal WZ phase being thermodynamically more stable. It is nowadays possible to fabricate III-nitride semiconductors and corresponding nanostructures in either of the two crystal structures, depending upon growth conditions [6] . In order to investigate the electronic and optical properties of III-nitride heterostructures and nanostructures, a model Hamiltonian capable of describing electronic band structures of constituent bulk materials is required. Although the density functional theory (DFT) [7] - [9] can provide an accurate description of the dispersion relations in the full Brillouin zone (BZ), it has the well-known problem of underestimating the band gap [10] and the immense computational complexity makes the DFT an unsuitable approach for modeling of large systems (with more than 10 3 atoms per unit cell). The empirical tight-binding model (ETBM) [11, 12] requires much less computational effort than DFT, but a tedious fitting procedure is needed in order to determine a large number of empirical parameters. The k· p model [13, 14] , which makes use of the envelope function approximation, is the most widely adopted approach for modeling heterostructures due to its simplicity. It can incorporate multi-band effect near a band extremum and it has been used to study many problems with various modifications [15] - [17] . However, the inter-valley tunneling effects, which may be important for devices under high voltage operation, are difficult to handle due to the nature of the k · p model. In addition, the ambiguity introduced by the ordering of the operators can sometimes lead to spurious solutions [18, 19] which causes instability of the model, especially in high-indium content devices. Base on reasons above, the effective bond-orbital model (EBOM), which contains the virtues in ETBM and is comparable with the k · p model in terms of computational effort, has been proposed for both ZB and WZ structures [20] - [24] . This method has been shown to be computationally efficient, easy to implement, and particularly suitable for modeling device characteristics. In Ref. [24] , second-neighbor interactions were used in order to fit the 1st conduction band and the top three valence bands over the entire BZ. In this paper, we introduce an effective bond-orbital model (EBOM) for III-nitride WZ semiconductors with only nearest-neighbor interaction parameters, which are directly linked to those for their corresponding ZB semiconductors. This procedure makes it easy to determine the interaction parameters, and the resulting band structures for the lowest conduction band and the top three valence bands are in fairly good agreement with DFT calculations with corrected band gaps.
Effective bond-orbital model review
In the EBOM, a minimum number of effective bond-orbitals are adopted to describe the most relevant portion of the band structure for bulk materials of which the nanostructure in the device is composed. For most of the semiconductors with WZ structures, two s-like anti-bonding orbitals and two sets of p-like bonding orbitals (x, y, z) per unit cell would be sufficient to describe the band structure in the energy range of interest (i.e. near the band gap). The simple analytical expression [25] of the EBOM Hamiltonian for ZB structure allows for parameterization in terms of band energies at the high symmetry points. In this way, the band structures from EBOM are in good agreement with those obtained by more rigorous model throughout the entire BZ while the electron (hole) effective masses remain fairly close to experimental values. With regard to the WZ structure, the direct parameterization of EBOM Hamiltonian targeting full BZ fitting is relatively difficult due to its lower crystal symmetry.
The general formulas in EBOM are briefly reviewed here in order to set the notation employed in this paper. Consider a collection of Löwdin function |α i , R j , denoting an α-like bond-orbital centered on the lattice site R j where index i labels the plane perpendicular to the c-axis in WZ structure. According to Slater and Koster [26] , a set of Bloch sums, which serve as basis states for the tight-binding Hamiltonian, can be written as
where N denotes the number of lattice sites and k is the wavevector lies in the first BZ. The matrix elements of the tight-binding Hamiltonian can hence be written as
From Eq. (2), the definition of interaction parameter is given by
The interaction parameters are normally treated as adjustable parameters and determined by fitting with accurate energies at particular k values. If the concept of effective bond-orbitals is imposed on the set of Löwdin functions above, the tight-binding Hamiltonian reduces to the one adopted in EBOM. Notice that the information that comes from one of the sublattice have automatically been encoded in the effective bond-orbitals. As a result, instead of applying full WZ structure, one merely considers a hexagonal close packed (HCP) structure in the EBOM Hamiltonian which significantly reduces the computational effort.
Interaction parameters for WZ structures based on modified parameters for ZB structures
Now the goal turns to evaluating the matrix element of EBOM Hamiltonian for WZ structure. First of all, the interaction parameters of the EBOM for ZB structure are obtained by using formulas derived in Ref. [25] with the choice of fitting the conduction band energy at X or L point (whichever is lower in energy). In order to fit the lowest conduction band energy at X and L points simultaneously, an extra interaction parameter, E sz , which describes the lack of inversion symmetry, is included in the EBOM for IIInitride semiconductors with ZB structure. In this modified EBOM formulas, when considering III-nitride semiconductors, all the equations for calculating the interaction parameters are identical with those proposed in Ref. [25] (case B), while E sz is calculated by using the following constraint
Here, χ = E c − 12E ss − E ′ v + 8(E xx + E xy ) + 4E zz while E c and E ′ v are the band edge positions for conduction and valecne bands at zone center in the absence of the spin-orbit interaciton. The values of E g , a, m e , and ∆ so used as input parameters are taken from Ref. [2] and Ref. [27] . The other input parameters including heavy-hole band energies at X and L points, E HH (L) and E HH (X), the light-hole band energy at X point, E LH (X), and the transition energies at X and L points,
, are adopted from the values calculated by DFT with meta-generalized gradient approximation (mGGA) (i.e. using WIEN2K [28] with TB09 [29] code and the experimental values of lattice constants). Following the modified formulas of EBOM with ZB structure discribed above, a set of interaction parameters between nearest-neighbor effective bond-orbitals for III-nitide ZB semiconductors at room temperature are obtained. All the input parameters and the calculated interaction parameters for AlN, GaN, and InN with ZB structure are listed in Table 1 , where the temperature dependence of the bandgap at Γ point is described by using Varshni formula [30] . The resulting band structures at 300K for AlN, GaN, and InN with ZB structure given the parameters in Table 1 are shown in Fig.  (1) , while the comparison to those obtained by DFT-mGGA is presented as well.
For a given set of interaction parameters for ZB structure, the one for WZ structure can be calculated by utilizing the two-center approximation. In the two-center approximation, interaction integrals between two orbitals sitting on nearest neighbors as defined in Eq. (3) can be related to one another via a simple rotation (Slater transform [26] ). As a consequence, all the interaction parameters associated with sites 0 and any neighboring lattice site R j can be expressed in terms of a set of parameters which are defined between sites 0 and R 1 = (1, 1, 0)a/2 in ZB phase (a being the lattice constant defined in ZB phase). Due to the difference of the stacking type between WZ and ZB structure (i.e. ABA stacking along c-axis in WZ structure while ABC stacking along [111]-direction in ZB structure), a constant scaling factor is multiplied with the initial interaction parameters obtained in ZB structure to form the proper initial guess for WZ structure. The scaling factors are empirically taken as 1.4 for AlN, 1.3 for GaN, and 1.2 for InN in order to obtain the experimentally observed energy spacing between the first (3-fold) and second (2-fold) valence bands at the zone center for the WZ III-nitrides. Given the initial guess of the interaction parameters, the EBOM Hamiltonian with nearest-neighbor interaction for WZ structure is evaluated according to Eq. (2). The spin-orbit coupling effect is neglected in this paper, since its effect is very small (< 20 meV [2] ) for III-nitrides and the procedure of adding the spin-orbit effect is rather simple in EBOM [25] .
The EBOM Hamiltonian for WZ structure under the two-center approximation possesses simple closed-form expression at high symmetry points. The analytical solutions for each high symmetry points are hence obtained by diagonalizing the Hamiltonian at corresponding wave vectors. By demanding the band energies at high symmetry points to be identical with the values calculated by DFT-mGGA, a set of equations are derived as follows:
In Eqs. (5a)-(5d), all the interaction parameters on the left-hand side are defined as in Eq. (3) with R j = (a, 0, 0) for i = i ′ = 1 and R j = (0, a/ √ 3, c/2) for i = 1 and i ′ = 2, with a and c being the lattice constants defined in WZ structure. The symbol ξ γ denotes the band energy at the high symmetry point γ in the BZ (γ = L, M, A) with respect to the valence band maximum (VBM) as calculated by DFT-mGGA, while ∆ cr is the crystal splitting energy. From Eq. (5a) and (5b), the exact solutions for E yz is required to fit the top valence band at H point. Note that the top valence band energy at K point is at least 1.95 eV below the VBM, which plays less important role in determining the device characteristics. Therefore, the K point is not considered in the current fitting procedure. The above fitting procedure will cause a shift of the VBM. This can be remedied by readjusting the on-site energies to bring the band energy at VBM back to zero.
In the present model, the effect of three-center integrals can be introduced by imposing symmetry relations between interaction parameters according to the C 3v point group for WZ structure, instead of the rotational group for twocenter approximation or the T d point group for ZB structure. As a result, the three-center effect can be incorporated in the EBOM Hamiltonian by adding extra interaction parameters that breaks certain symmetry relations for T d group among original parameters. Notice that, the three-center effects are turned on in the current model only if it is necessary to fit more subtle features in the band structures. In this paper, the objective values of crystal splitting energies are assigned to be −0.169 eV, 0.01 eV, and 0.04 eV for AlN, GaN, and InN, respectively. The band gap energies at T = 300 K are taken as 6.16 eV, 3.44 eV, and 0.76 eV for AlN, GaN, and InN, respectively. All the parameters above are directly adopted or deduced from the values recommended by Vurgaftman [2] . 
Results and discussion
In Fig. 2 , the band structures for III-nitrides in WZ phase without interaction parameters scaling are presented while interaction parameters are given in Table 2 . In this case, the interaction parameters are determined from those in ZB structures via two-center approximation without modification. Using the same set of material parameters, the full band structure for bulk AlN, GaN, and InN with WZ structure calculated by EBOM with modified Table 3 : EBOM parameters using in this work. All the material parameters are adopted from Ref. [2] . The bandgap energy at T = 300 K are calculated by using Varshni formula [30] given the parameters recommended by Vurgaftman [2] . The non-vanishing interaction parameters not given in the interaction parameters are shown in Fig. 3 and compared with those from DFT-mGGA. The material parameters as well as the modified interaction parameters used in this work are listed in Table 3 . As seen in Fig. 3 , the overall band structures obtained by present model are very close to those in DFT-mGGA for the energy range from 1.5 eV below the VBM to 1.5 eV above the CBM (conduction band minimum). Furthermore, all energies of the top valence band at Γ, L, M, A and H are pinned at desired values. Figure 4 shows a comparison between the bulk band structures for AlN, GaN, and InN with WZ structure near Γ point obtained by the EBOM (with modified interaction parameters) and the k · p model. For GaN, three-center related parameter E 11 xz , which corresponds to the Luttinger-like parameter A 7 , is included in order to fit the anticrossing behavior between the light-hole and split-off band (due to crystal-splitting) in k · p model. On the other hand, modifying E 11 zz and E 11 yy is the only adjustment which corresponds to threecenter effect in the EBOM calculation of InN and AlN. As expected, the band structures obtained from the EBOM with modified interaction parameters and the k · p model are nearly identical for small k values. For large k values, the current model gives more satisfactory band structures than the k · p model.
The electron and hole effect masses at the zone center derived from EBOM with modified interaction parameter are given in Table 4 . By slightly tweaking the interaction parameters correspond to the conduction and valence band coupling, the electron effective masses for III-nitrides with WZ structure can fit those in k · p model while the hole effevtive masses are within in the range proposed by other theoretical models [31] - [35] . The electron and hole effective masses from DFT-mGGA are presented as well for comparison. 
Conclusions
In conclusion, a theoretical model for calculating the III-nitrides WZ semiconductors based on the EBOM with modified interaction parameters is pre-sented. The same set of fitting parameters can be used for the parametrization of the EBOM Hamiltonian for both ZB and WZ structures given the relation provided by the two-center approximation. The interaction parameters are modified by fitting with band structure obtained in DFT-mGGA at high symmetry point. Three-center effect is partially incorporated for the case with WZ structure in order to fit more sophisticated features in the bands structures. The current model has been applied to calculate the band structures of III-nitrides with WZ structure over the entire BZ and the results are in good agreement with those obtained from DFT-mGGA in the energy range suitable for device characterization. It is also shown that the proposed model can fit the desired electron effective masses, while the hole effective masses are within the range of values provided by other groups. 
